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Quintessential dark energy with density ρ and pressure p is governed by an equation of state of
the form p = −ωqρ with the quintessential parameter ωq ∈ (−1;−1/3). We derive the geometry
of quintessential rotating black holes, generalizing thus the Kerr spacetimes. Then we study the
quintessential rotating black hole spacetimes with the special value of ωq = −2/3 when the re-
sulting formulae are simple and easily tractable. We show that such special spacetimes can exist
for dimensionless quintessential parameter c < 1/6 and determine the critical rotational parameter
a0 separating the black hole and naked singularity spacetime in dependence on the quintessential
parameter c. For the spacetimes with ωq = 2/3 we present the integrated geodesic equations in
separated form and study in details the circular geodetical orbits. We give radii and parameters
of the photon circular orbits, marginally bound and marginally stable orbits. We stress that the
outer boundary on the existence of circular geodesics, given by the so called static radius where the
gravitational attraction of the black hole is balanced by the cosmic repulsion, does not depend on the
dimensionless spin of the rotating black hole, similarly to the case of the Kerr-de Sitter spacetimes
with vacuum dark energy. We also give restrictions on the dimensionless parameters c and a of the
spacetimes allowing for existence of stable circular geodesics.
I. INTRODUCTION
Cosmological observations indicate that in the inflationary paradigm [1], a very small relict repulsive cosmological
constant Λ > 0, i.e., vacuum energy, or, generally, a dark energy demonstrating repulsive gravitational effect, has to
be invoked to explain the dynamics of the recent Universe [2–8]. These results are confirmed by recent measurements
of cosmic microwave background anisotropies obtained by the space satellite observatory PLANCK [9]. Moreover,
observations of distant Ia-type supernova explosions indicate that starting at the cosmological redshift z ≈ 1 expansion
of the Universe is accelerated [10].
The cosmological tests demonstrate that the dark energy represents about 70% of the energy content of the ob-
servable universe [11, 12]. The dark energy equation of state is close to those corresponding to the vacuum energy,
represented by the repulsive cosmological constant, but a different form of dark energy related to the so called
quintessence is not excluded [12]. The cosmological and astrophysical effects of the cosmic repulsion indicate recent
value of the cosmological constant to be Λ ≈ 1.3× 10−56 cm−2 [13].
The presence of the repulsive cosmological constant changes dramatically the asymptotic structure of black-hole,
naked singularity, or any compact-body backgrounds as such backgrounds become asymptotically de Sitter spacetimes,
not flat spacetimes. In such spacetimes, an event horizon (cosmological horizon) always exists, behind which the
geometry is dynamic. The cosmological horizon exists also in the spacetimes of black holes or other compact objects
immersed in a quintessential field.
Here we first derive the geometry of spacetime describing rotating black hole with quintessential fields. Then we
discuss in detail the circular geodesics of the rotating black holes with quintessential parameters ωq = −2/3 when the
resulting formula can be given in a relatively simple form enabling an intuitive insight into accretion processes.
The repulsive cosmological constant was first discussed in the cosmological models [14]. Its role in the vacuola models
of mass concentrations immersed in the expanding universe has been considered in [15–24] and in the McVittie model
[25] of mass concentrations immersed in the expanding universe [26–32].
Significant role of the repulsive cosmological constant has been demonstrated also for astrophysical situations related
to active galactic nuclei and their central supermassive black holes [33]. The black hole spacetimes with the Λ term
are described in the spherically symmetric case by the vacuum Schwarzschild-de Sitter (SdS) geometry [34, 35], while
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2the internal, uniform density SdS spacetimes are given in [36, 37]). In axially symmetric, rotating case, the vacuum
spacetime is determined by the Kerr-de Sitter (KdS) geometry [38]. In the spacetimes with the repulsive cosmological
term, motion of photons is treated in a series of papers [39–46] while motion of test particles was studied in [15, 35, 47–
55]. Oscillatory motion of current carrying string loops in SdS and KdS spacetimes was treated in [56–59].
The cosmological constant can be relevant in both the geometrically thin Keplerian accretion discs [33, 35, 47, 60, 61]
and geometrically thick toroidal accretion discs [60–67] orbiting supermassive black holes in the central parts of giant
galaxies. In spherically symmetric spacetimes the Keplerian and toroidal disc structures can be described by an
appropriately chosen Pseudo-Newtonian potential [68, 69] that is useful also in studies of the motion of interacting
galaxies [70–72]. The KdS geometry can be relevant also in the case of Kerr superspinars representing an alternate
explanation of active galactic nuclei [73–75] – the superspinars break the black hole bound on the spin and exhibit
a variety of extraordinary physical phenomena [75–82]. The cosmological constant is also relevant in the internal
structure of extended astrophysical objects governed by polytropic equations of state that could represent galactic
dark matter halos or larger structures [75].
The spherically symmetric solutions describing a black hole surrounded by dark energy in the form of a quintessential
field with equation of state in the form p = ωqρ, with the quintessential parameter −1 < ωq < −1/3, has been found
by Kiselev [83]. Of course, it is relevant to study the geodesic structure of such spacetime, and its influence in
astrophysical phenomena, e.g., the accretion discs structure. The geodesic structure of the spherically symmetric
quintessential black hole spacetimes has been studied in [84]. Here we first generalize the Kiselev solution to the
case of the rotating black holes for general value of the quintessential parameter ωq. Then we discuss in detail the
circular geodesic orbits around quintessential rotating black holes with a special value of the quintessential parameter
ωq = −2/3 when the results can be expressed in a significantly simple form, especially in the case of spherically
symmetric spacetime. The other simple case of the dark energy is represented by the vacuum energy related to the
cosmological constant when ωq = 1.
II. QUINTESSENTIAL ROTATING BLACK HOLE SOLUTION
By using the standard Newman-Janis algorithm (NJA) of generating rotating black hole spacetimes from spherically
symmetric black hole spacetimes, we find quintessential rotating black hole spacetimes.
A. Schwarzschild black hole surrounded by the quintessential energy
Spacetime of the spherically symmetric quintessential black hole is determined by the line element
ds2 = −f(r)dt2 + g−1(r)dr2 + h(r)dΩ2 (1)
where h(r) = r2 and the lapse function f(r) is given by the expression [83]
f(r) = g(r) = 1− 2M
r
− c
r3ωq+1
. (2)
In this expression, M is the gravitational mass of the black hole and c is the quintessential parameter representing
intensity of the quintessence energy field related to the black hole. Dimensionless quintessential EoS (equation of
state) parameter ωq governs the equation of state of the quintessential field p = ωqρ, relating pressure p and energy
density ρ of the quintessential field, and it can vary in the range ωq ∈ (−1;−1/3). Due to the quintessential field, the
geometry is not Ricci flat. Here and in the following we use the geometric units with speed of light and Newtonian
gravitational constant are taken as 1 c = G = 1.
One can see from the lapse function (2) that for vanishing of the quintessential field (c = 0) we recover the
Schwarzschild black hole spacetime. On the other hand, for the EoS quintessential parameter ωq = −1 we obtain a
vacuum energy equation of state p = −ρ, and the metric describes Schwarzschild-de-Sitter black holes.
Due to the quintessential field the geometry is not Ricci flat. It is well known that the singularities appeared in the
metric by setting gtt = 0 and g
rr = 0 are coordinate singularities which can be removed by using more appropriate
set of coordinates. The coordinate singularities of the quintessential Kiselev black hole spacetime determine the black
hole and the cosmological horizons given by the condition
f(r,M, c, ωc) = 0. (3)
3One way to check the existence of physical singularity is to calculate curvature scalars, such as the Kretschmann
scalar K giving a square of the Riemann tensor. By calculating this we find
K = Rµν̺σRµν̺σ =
W (r)
r6ωq+6
, (4)
where W (r) is some polynomial function of r (W (r = 0) 6= 0). Therefore one can conclude that a physical singularity
occurs at r = 0.
B. Generating quintessential rotating black hole solutions
Using the standard method of generating a rotational spacetime from a spherically symmetric spacetime proposed by
Newman and Janis [85], and modifications introduced in works of Azreg-Ainou [86–88], we convert static spherically
symmetric quintessential BH solution into the rotational form. The only difference of this method from the NJA
method is skipping one of steps of the NJA, namely, the complexification of coordinates. Instead of this we perform
”alternate” coordinate transformation.
At the first step of this algorithm we turn the spacetime metric (1) from the Boyer-Lindquist (BL) coordinates
(t, r, θ, φ) to the Eddington-Finkelstein (EF) coordinates (u, r, θ, φ) by introducing the following coordinate transfor-
mations:
du = dt− dr√
fg
. (5)
As the result of this transformation we obtain the spacetime metric in the form
ds2 = −fdu2 − 2
√
f
g
dudr + h2dθ2 + h sin2 θdφ2 . (6)
It is known that contravariant components of the metric tensor in the advanced null EF coordinates can be expressed
by the null tetrad taking the form
gµν = −lµnν − lνnµ +mµm¯ν +mνm¯µ , (7)
with
lµ = δµr , n
µ =
√
g
f
δµu −
f
2
δµr ,
mµ =
1√
2h
δµθ +
i√
2h sin θ
δµφ , m¯
µ =
1√
2h
δµθ −
i√
2h sin θ
δµφ . (8)
Vectors l and n are real, m is a complex vector, m¯ vector is a complex conjugate of the vector m. These vectors satisfy
orthogonality lµmµ = l
µm¯µ = n
µmµ = n
µm¯µ = 0, isotropic l
µlµ = n
µnµ = m
µmµ = m¯
µm¯µ = 0, and normalization
lµnµ = 1, m
µm¯µ = −1 conditions.
Now we perform complex coordinate transformations in the u− r plane
u→ u− ia cos θ, r → r − ia cos θ. (9)
We assume that as the result of these transformations the metric functions also turn into a new form: f(r)→ F (r, a, θ),
g(r)→ G(r, a, θ), h(r)→ Σ(r, a, θ). In the case a = 0 new functions reduce to initial forms. Furthermore, null tetrads
also take the new form
lµ = δµr , m
µ =
1√
2Σ
[
δµθ + ia sin θ(δ
µ
u − δµr ) +
i
sin θ
δµφ
]
,
nµ =
√
G
F
δµu −
1
2
Fδµr , m¯
µ =
1√
2Σ
[
δµθ − ia sin θ(δµu − δµr )−
i
sin θ
δµφ
]
. (10)
Then we can rewrite the contravariant components of the metric tensor gµν by using (7) as
gµν =


a2 sin2 θ/Σ −
√
G/F − a2 sin2 θ/Σ 0 a/Σ
−
√
G/F − a2 sin2 θ/Σ G+ a2 sin2 θ/Σ 0 −a/Σ
0 0 1/Σ 0
a/Σ −a/Σ 0 1/(Σ sin2 θ)

 . (11)
4The covariant components read
gµν =


−F −
√
F/G 0 a
(
F −
√
F/G
)
sin2 θ
−
√
F/G 0 0 a
√
F/G sin2 θ
0 0 Σ 0
a
(
F −
√
F/G
)
sin2 θ a
√
F/G sin2 θ 0 sin2 θ
[
Σ + a2
(
2
√
F/G− F
)
sin2 θ
]

 . (12)
The last step of the algorithm is the turn back from the EF coordinates to the BL coordinates by using the following
coordinate transformations:
du = dt+ λ(r)dr , dφ = dφ+ χ(r)dr . (13)
The transformation functions λ(r) and χ(r) are found due to the requirement that all the non-diagonal components
of the metric tensor, except the coefficient gtφ (gφt), are equal to zero [86]. Thus
λ(r) = − k(r) + a
2
g(r)h(r) + a2
, χ(r) = − a
g(r)h(r) + a2
(14)
where
k(r) =
√
g(r)
f(r)
h(r) , (15)
and
F (r, θ) =
(gh+ a2 cos2 θ)Σ
(k + a2 cos2 θ)2
, G(r, θ) =
gh+ a2 cos2 θ
Σ
.
(16)
Finally we obtain the line element of the rotational version of the quintessential Schwarzscild spacetime (1) in the
form
ds2 = − (gh+ a
2 cos2 θ)Σ
(k + a2 cos2 θ)2
dt2 +
Σ
gh+ a2
dr2 − 2a sin2 θ
[
k − gh
(k + a2 cos2 θ)2
]
Σdφdt+Σdt2
+Σsin2 θ
[
1 + a2 sin2 θ
2k − gh+ a2 cos2 θ
(k + a2 cos2 θ)2
]
dφ2. (17)
In our case f(r) = g(r) and h(r) = r2 [83]. In this case there is k(r) = h(r) and comparing the functions (16), we find
Σ = r2 + a2 cos2 θ . (18)
Then the rotational version of the Kiselev quintessential solution takes the form
ds2 = −
(
1− 2Mr + cr
1−3ωq
Σ
)
dt2 +
Σ
∆
dr2 − 2a sin2 θ
(
2Mr + cr1−3ωq
Σ
)
dφdt +Σdθ2
+sin2 θ
[
r2 + a2 + a2 sin2 θ
(
2Mr + cr1−3ωq
Σ
)]
dφ2 , (19)
where
∆ = r2 − 2Mr + a2 − cr1−3ωq . (20)
In the case of vanishing quintessential field, c = 0, the spacetime metric (19) coincides with the Kerr one.
III. ROTATING BLACK HOLE SPACETIMES WITH THE PARAMETER ωq = −2/3
Now we focus our attention on the special case of the quintessential field with the parameter ω = −2/3 enabling a
relatively simple treatment of the spacetime properties.
5A. The geometry and the quintessential field
Introducing a new notation and putting ωq = −2/3 we rewrite the spacetime metric (19) in the Kerr-like form
ds2 = −
(
1− 2ρr
Σ
)
dt2 +
Σ
∆
dr2 − 4aρr sin
2 θ
Σ
dφdt +Σdθ2 + sin2 θ
(
r2 + a2 + a2 sin2 θ
2ρr
Σ
)
dφ2 , (21)
where
∆(r) = r2 − 2ρr + a2, 2ρ(r) = 2M + cr2. (22)
From the quintessential rotational black hole spacetime metric and the Einstein equations Gµν = 8πTµν , we find
the quintessential stress-energy tensor assumed in the form Tµν = (ǫ, pr, pθ, pφ) [83]. Using the Mathematica package
RGTC [89] we find from the metric (24) the nonzero components of the Einstein tensor Gµν in the form
Gtt =
2
[
r4 − 2r3ρ+ a2r2 − a4 sin2 θ cos2 θ] ρ′
Σ3
− a
2r sin2 θρ′′
Σ2
,
Grr = −2r
2ρ′
Σ∆
,
Gtφ =
2a sin2 θ
[
(r2 + a2)(a2 cos2 θ − r2) + 2r2ρ] ρ′
Σ3
+
a2r sin2 θ(r2 + a2)ρ′′
Σ2
, (23)
Gθθ = −2a
2 cos2 θρ′
Σ
− rρ′′,
Gφφ = −
a2 sin2 θ
[
(r2 + a2)(a2 + (2r2 + a2) cos 2θ) + 2r3 sin2 θρ
]
ρ′
Σ3
− r sin
2 θ(r2 + a2)2ρ′′
Σ2
.
We rewrite the spacetime metric (21) in the form
ds2 =
Σ
∆
dr2 +Σdθ2 − ∆
Σ
(
dt− a sin2 θdφ)2 + sin2 θ
Σ
[
(r2 + a2)dφ− adt]2 (24)
giving the standard orthonormal basis of the rotating spacetime metric [14]
eµt =
1√
Σ∆
(
r2 + a2, 0, 0, a
)
, eµr =
√
∆
Σ
(0, 1, 0, 0) ,
eµθ =
1√
Σ
(0, 0, 1, 0) , eµφ = −
1√
Σ sin2 θ
(
a sin2 θ, 0, 0, 1
)
, (25)
and finally we obtain the relations between the components of the stress-energy tensor and the Einstein tensor related
to the orthonormal basis in the form
8πǫ = −eµt eνtGµν , 8πpr = eµr eνrGµν = grrGrr,
8πpθ = e
µ
θ e
ν
θGµν = g
θθGθθ, 8πpφ = −eµφeνφGµν . (26)
By inserting the expressions (23), (25) and (27) into (26), we arrive finally at the relations giving the stress-energy
tensor of the quinessential field around the rotating black hole:
8πǫ = −8πpr = 2ρ
′r2
Σ2
, 8πpθ = 8πpφ = −8πpr − ρ
′′r + 2ρ′
Σ
. (27)
Physical (curvature) singularity of this rotating solution is defined by the point where the Kretschmann scalar K
tends to infinity. There is
K ≡ Rµν̺σRµν̺σ = Z(r, a, θ)
Σ6
, (28)
where Z(r, a, θ) is some cumbersome polynomial function of r, θ and a. One may see from the expression (28) that
spacetime metric (24) has singularity along the ring r2 + a2 cos2 θ = 0. This means that a test particle can hit the
singularity at r = 0 when it is moving in the equatorial plane θ = π/2 (It is worth noting that Z(r = 0, a, θ = π/2) 6= 0)
and that the geometry is not Ricci flat.
We will first discuss the basical properties of the quintessential rotating black hole spacetimes, namely the coordinate
singularities governing the loci of the event horizons and the static limit surface determining the boundary of the
ergosphere.
6B. Event horizons
The event horizons are defined by the relation grr = 0 (∆ = 0) that can be expressed in the form of the qubic
polynomial equation for the radius of the horizon location
cr3 − r2 + 2Mr − a2 = 0. (29)
For simplicity we can write (29) as
c(r − r−)(r − r+)(r − rq) = 0. (30)
where r−, r+ and rq represent the inner and outer black hole horizons, and the quintessential cosmological horizon,
respectively. Depending on the values of the characteristic parameters M , a, and c the number of the horizons may
decrease from three to one – the cosmological (quintessential) rq horizon never vanishes and if only this one horizon
remains, the spacetime describes a quintessential rotating naked singularity. Hereafter, we set M = 1 for simplicity,
i.e., we express the spacetime parameters a and c in units of the gravitational mass parameterM : a/M → a, cM → c,
r/M → r. In the limiting case of the quintessential Schwarzschild black hole, the two horizons, black hole rh and the
quintessential rq read
rh =
1−√1− 8c
2c
, rq =
1 +
√
1− 8c
2c
, (31)
One can see from the expressions (31) that maximum (critical) value of the quintessence parameter for non-rotating
black hole a = 0 with quintessential field characterized by the parameter c is equal to
cc(a = 0) ≡ 1
8
. (32)
We rewrite the loci of the event horizons (29) of the rotating black holes in terms of the condition for the rotation
parameter a
a2 = a2h(r; c) ≡ cr3 − r2 + 2r . (33)
When c = 0, expression (33) determines the loci of event horizons of the Kerr black holes. Its local extrema are
defined by the expression
c = ce ≡ 2(r − 1)
3r2
. (34)
The local extrema of the spacetime rotation parameter and quintessential parameters are located at r = 2 and read
a2 ≤ a2c ≡
2√
3
, c ≤ cc ≡ 1
6
, (35)
In Figure 1 we illustrate the some possible cases of the behavior of the function ∆(r; a, c) giving dependence of the
loci of the inner and outer black hole horizons and the cosmological horizon on the spacetime rotation parameter a
for a fixed quintessential parameter c.
We see in Figure 1 that the radial dependence of the horizon function ∆(r) has one local maximum and one local
minimum. They can be found from the condition
d∆
dr
= 0 , (36)
that has two solutions
rmin =
1−√1− 6c
3c
, rmax =
1 +
√
1− 6c
3c
, (37)
where rmin and rmax are located between the inner r− and outer r+ black hole horizons, and the outer black hole
r+ and the quintessential cosmological rq horizons, respectively. From these expressions we obtain the restriction on
the values of the quintessential parameter allowing for existence of black hole quintessential spacetimes in the form
c ≤ 1/6. The separation of the black hole and naked singularity spacetimes is given by the extremal black hole
spacetimes that can be of two types.
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FIG. 1: Some possible scenarios can be observed in rotating black hole with quintessential energy with respect to the existence
of horizons. Left panel: Solid line represents the black hole with inner r−, outer r+ and quintessential rq horizons, dashed line
represents extreme rotating black hole with r− = r+ and rq horizons, dotted line represents extreme rotating black hole with
r− and r+ = rq horizons and finally, dotdashed line represents naked singularity case with only rq horizon. Rigt panel: Event
horizons function a2h(r; c) of the rotating quintessential black hole for different values of quintessence parameter c: grey curve
corresponds to the Kerr black hole (c = 0) horizons. Solid black curve corresponds to 0 < c < cc(a = 0) ≡ 1/8. Where black
hole can exist for the values of a2 up to local maximum. Dotdashed curve represents the limiting case c = cc(a = 0) which is
local minimum is located at a2h = 0. Dashed curve represents the case cc(a = 0) < c < cc ≡ 1/6. Dotted curve corresponds
to value c = cc which is event horizons and quintessential horizon merge into one. Large dashed line corresponds to the naked
singularity case c > cc when only quintessential horizon exists.
Type I: The first type of the extremality occurs when the inner and outer horizons merge into one (r− = r+)
implying the condition
∆(r = rmin) = 0 , (38)
giving the first sequence of the extremal black hole spacetimes determined by the relation
a = ac1(r; c) ≡
√√√√2(−1 + 9c+√(1− 6c)3)
27c2
. (39)
The inner and outer horizons merge into one namely, the first type of extreme horizon is located at rext1 = rmin and
quintessential horizon is located at
rq =
1 + 2
√
1− 6c
3c
, (40)
Type II: The second type of the extremality condition corresponds to coincidence of the outer black hole and the
quintessential horizons (r+ = rq). Then the extremal black hole spacetimes of the second type have to satisfy the
condition
∆(r = rmax) = 0 , (41)
implying the second sequence of the extremal black holes determined by the relation
a = ac2(r; c) ≡
√√√√2(−1 + 9c−√(1− 6c)3)
27c2
. (42)
The outer and quintessential horizons merge into one namely, the second type of extreme horizon is located at
rext2 = rmax and inner horizon is located at
r− =
1− 2√1− 6c
3c
. (43)
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FIG. 2: Extremality condition for the rotating black hole with quintessential matter. Region I : grey region represents the
rotating black hole with all three horizons. Region II : light blue region represents naked singularity case (only quintessential
horizon) with stable circular orbits. Region III : white region represents naked singularity spacetimes that cannot have stable
circular orbits. The borders of regions I and II (grey and light blue regions) correspond to the type I (r− = r+) and type II
(r+ = rq) extremality conditions, respectively. The junction of these curves (c = 1/6 and a = 2/
√
3) corresponds to the type
III (r− = r+ = rq) super extreme black hole. Gray curves represent marginally stable orbits.
Type III: One can see from the expressions (39) and (42) that two types of the extremality conditions coincide when
ac1(c = 1/6) = ac2(c = 1/6) and at this value rotation parameter reaches its maximum
acrit =
2√
3
. (44)
In this case all three horizons merge into one. Hereafter, we call this kind of extremal black hole as super extremal
black hole.
Thus the black hole spacetimes exist, if the following conditions are satisfied simultaneously
c ≤ 1/6, a ≤ ac1(c). (45)
Otherwise, the quintessential spacetimes are of the naked singularity type.
In Figure 2 we summarize all above results.
C. Ergosphere
Ergosphere is a region located between the event horizon and the static limit surface defined by the equation
gtt(rst, θ) = 0. The static limit surface is thus governed by the equation
cr3st − r2st + 2rst − a2 cos2 θ = 0. (46)
Comparing the equation (46) with that of the equation governing the event horizon (29), one can easily deduce that
these two surfaces coincide at the polar caps (θ = 0, π), if the event horizons exist. In the case of naked singularities
the static limit surface is not reaching the symmetry axis, as well known [76, 78].
Figure 3 illustrates behavior of the shape and extension of the ergosphere of the quintessential rotating black holes
for various values of the rotation parameter a and the quintessential parameter c.
IV. GEODESICS STRUCTURE OF THE ROTATING BLACK HOLE WITH THE QUINTESSENTIAL
PARAMETER ωq = −2/3
The geodesic motion in the quintessential rotation black hole spacetimes can be, as in the standard Kerr black hole
spacetimes, treated by using the Hamiltonian method [38].
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FIG. 3: Shape and size of ergosphere of the rotating black hole with quintessential matter for different values of the rotation
parameter a and quintessence parameter c.
A. Separability of variables in the Hamilton-Jacobi equation
The Hamilton-Jacobi equation reads
gµνS,µS,ν = −m2 (47)
where S,µ denotes the partial derivative of the action S by the coordinate x
µ. mis the mass of the test particle.
Due to the stationarity and axial symmetry of the spacetime, we can introduce two integrals of the motion, energy
E = −pt, and axial angular momentum L = pφ. Then we can write the Hamilton-Jacobi action function S for a test
particle following a geodesic of the quintessential rotating black hole spacetime in the following separated form
S = −1
2
m2τ − Et+ Lφ+ Sr(r) + Sθ(θ) , (48)
where m2 = 0,+1 is considered for null and timelike geodesics, respectively, τ is the proper time of the test particle
with m2 = +1; m can be considered as rest energy of the test particle. Contravariant components of the metric tensor
of the spacetime (1) have the form
gtt = − (r
2 + a2)2 − a2∆sin2 θ
∆Σ
, gtφ = −2aρr
∆Σ
,
grr =
∆
Σ
, gθθ =
1
Σ
, gφφ =
∆− a2 sin2 θ
∆Σsin2 θ
. (49)
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By inserting (48) and (49) to (47), we obtain
−
[
(r2 + a2)2
∆
− a2 sin2 θ
]
E2 +
4aρr
∆
EL+
[
1
sin2 θ
− a
2
∆
]
L2 +∆S2,r + S
2
,θ +m
2Σ = 0
. (50)
Simplifying the equation (50), introducing separation constant K representing an additional constant of the motion,
and a new constant of the motion through the relation Q = K − (L− aE), we arrive to
∆
(
dS
dr
)2
=
R(r)
∆
, (51)
(
dS
dθ
)2
= Θ(θ) , (52)
where
R(r) =
[
(r2 + a2)E − aL]2 −∆ [(aE − L)2 +m2r2 +Q] , (53)
Θ(θ) = Q−
[
L2
sin2 θ
+ a2
(
m2 − E2)] cos2 θ . (54)
We can write the Hamilton-Jacobi action (48) in terms of these functions as
S =
1
2
m2τ − Et+ Lφ+
∫ r √R(r)
∆
+
∫ θ√
Θ(θ). (55)
By following [14], we can write the equations of the geodesic motion in the form
Σt˙ =
r2 + a2
∆
[
E(r2 + a2)− aL]− a(aE sin2 θ − L) , (56)
Σr˙ =
√
R , (57)
Σθ˙ =
√
Θ , (58)
Σφ˙ =
a
∆
[
E(r2 + a2)− aL]− (aE − L
sin2 θ
)
. (59)
where overdot (˙) stands for the derivative with respect to the proper time τ .
V. EQUATORIAL CIRCULAR ORBITS
Hereafter, for simplicity we focus on the motion in the equatorial plane θ = π/2. In this case, velocity of the particle
with respect to θ axis vanishes θ˙ = 0 (Θ(π/2) = 0), consequently Q = 0. Then, the radial velocity of the particle in
the equatorial plane takes the form
r2r˙ = ±R1/2 , (60)
with the function governing the radial motion taking the form
R(r) =
[
(r2 + a2)E − aL]2 −∆ [(aE − L)2 +m2r2] . (61)
One can find the circular orbits due to the fact that a test particle moving along an equatorial circular orbit has zero
radial velocity (r˙ = 0) and zero radial acceleration (r¨ = 0), i.e.,
R(r) = 0,
dR
dr
= 0. (62)
By solving the above equations simultaneously with respect to E and L, we arrive to the following expressions for the
specific energy and the specific axial angular momentum of the particle
E2±
m2
=
8∆(a2 −∆)2 + 2r∆∆′(a2 −∆)− a2r2∆′2 ± 2√2a∆
√
(2a2 − 2∆+ r∆′)3
r2 [16∆(∆− a2) + r∆′(r∆′ − 8∆)] , (63)
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L2±
m2
=
8a2∆3 − r2(r2 + a2)2∆′2 − 2∆2 [8a2(r2 + a2) + 4r4 + a2r∆′]
r2 [16∆(∆− a2) + r∆′(r∆′ − 8∆)]
+
2(r2 + a2)∆
[
4a2(r2 + a2) + r(3r2 + a2)∆′
]
r2 [16∆(∆− a2) + r∆′(r∆′ − 8∆)]
∓2
√
2a∆
√
(2a2 − 2∆+ r∆′)3 [(r2 + a2)(2(r2 + a2) + r∆′)− 2(2r2 + a2)∆]
r2 [16∆(∆− a2) + r∆′(r∆′ − 8∆)] , (64)
where ”′” means the derivative with respect to radial coordinate r (d/dr). The signs ”+” and ”-” stand for the
corotating and counterrotating particle orbits, respectively. In Figure 4 and Figure 5 specific energies and axial
angular momenta of the corotating and counterrotating circular orbits are shown.
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FIG. 4: Specific energies of the corotating (left panel) and counterrotating (right panel) particles in the equatorial plane of the
rotating black hole with quintessence matter for the values of the rotation parameter a: a = 0 (solid line), a = 0.3 (dashed
line), a = 0.6 (dotdashed line) and a = 0.9 (dotted line).
A. Static radius giving limit on existence of circular geodesics
One can see from the expression of the energy of the particle moving along the circular orbit (63) that in order for
E2 to be real the expression under square root must be nonnegative, i.e.,
2a2 − 2∆ + r∆′ ≥ 0 . (65)
Since ∆ = r2f(r) + a2, this condition implies restriction on the radii of the circular geodesics in the form
r ≤ rs ≡
(
2
c
)1/2
, (66)
where rs(c) is the so called ”static radius” where test particles can be located at an unstable equilibrium position,
having L = 0. At this equilibrium point the gravitational attraction of the black hole is just balanced by the cosmic
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FIG. 5: Specific angular momenta of the corotating (left panel) and counterrotating (right panel) particles in the equatorial
plane of the rotating black hole with quintessence matter for the values of the rotation parameter a: a = 0 (solid line), a = 0.3
(dashed line), a = 0.6 (dotdashed line) and a = 0.9 (dotted line).
repulsion due the the quintessential field. Interestingly, the static radius rs does not depend on the rotation parameter
a, as in the case of the Kerr-de Sitter spacetimes [47].
B. Photon circular geodesics
Another limit on the existence of the circular geodesics is determined by the photon circular geodesics with radii
governed by the divergence of both the energy and the axial angular momentum of the circular geodesics. One can
see from the expression (63) that the energy of the circular orbits per unit mass goes to infinity (E± → ∞), if the
condition
16∆(∆− a2ps) + rrs∆′(rrs∆′ − 8∆) = 0 (67)
is satisfied. By solving this equation with respect to a2 one can find that the radii of photon circular orbits are given
by the equation
a2 = a2ph(r; c) ≡
r(cr2 − 2r + 6)2
8(2− cr2) , (68)
where the function a2ph(r; q) implicitly determines the radii of photon circular orbits. Local maxima of the function
a2ph(r; q) (determined by the equation ∂ra
2
ps = 0) are located at
re,ph(c) =
1−√1− 6c
3c
. (69)
Clearly, the photon circular orbits exist in all the quintessential black hole spacetimes. Behavior of the function
a2ph(r; q) for typical values of the quintessential parameter c is illustrated in Figure 6. We can see that the photon
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FIG. 6: Locations of the horizon (solid curve), photonsphere (dashed curve), marginally bound orbits (dotted curve) and the
static radius rs = (2/c)
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circular orbits exist even in the naked singularity spacetimes – their radii are shifted towards the center in comparison
to the black hole case.
C. Marginally bound circular orbits
Above the photon circular orbit (r > rph) unbound circular geodesic can exist orbits where a small radial per-
turbation causes particles following these orbits to fall into the black hole or to escape towards the quintessential
horizon. The bound orbits start to exist above the particular radius corresponding to the marginally bound circular
orbit (MBCO) rmb. If a particle is moving along the orbit with radius r < rmb, its energy E±/m
2 > 1. The MBCOs
are determined by the condition E2±/m
2 = 1 [90] that implies the relation
2∆2
[
4∆−∆′r − 8(r2 + a2)] − ∆′2r2(r2 + a2) + 2∆ [∆′r(4r2 + a2) + 4a2(2r2 + a2)
±
√
2a
√
(2a2 − 2∆−∆′r)3
]
= 0. (70)
After simplification we obtain the equation for the MBCO radius in the form:
2c3r80 − 7c2r70 + 2c(10c+ 3)r60 − 36cr50 + 4(14c+ 1)r40 − 28r30 + 48r20 + a2r0(7c2r40 +
2cr30 − 4cr20 − 4r0 − 20)± 2
√
2(cr30 − r20 + 2r0 − a2)
√
a2r0(2− cr20)3 = 0. (71)
The MBCO radius r0 ≡ rmb corresponds to the real smallest root of above equation. By solving (71) with respect to
a2 one can find that the radii of marginally bound orbits are given by the expression
a2 = a2mb ≡
2c2r50 + 3cr
4
0 + 8cr
3
0 + 2r
2
0 + 8r0 − 2
√
2(2 + cr20)r0
√
r0(2 + 3cr20)
2− cr20
. (72)
The location of the rmb(a; c) is represented in Figure 6 in dependence on rotation parameter a for various values of c.
In Figure ?? the related dependence of the specific angular momentum Lmbm (a; c) is given.
D. Stability of the circular orbits
The stability of the circular orbits is defined by the inequality
d2R
dr2
≥ 0 . (73)
The inequality (73) has to be satisfied simultaneously with the conditions of the circular geodesics (62). By inserting
the expressions of the specific energy (63) and specific angular momentum (64) into (73) we transform the inequality
into the following form:
P (r)±Q(r)
R(r)
≥ 0 , (74)
14
where
P (r) = r2(cr2 − 2) [c3r7 − 5c2r6 + 6c(3c+ 1)r5 + c(17ca2 − 40)r4
−2(2 + c(a2 − 30))r3 + (64ca2 − 36)r2 + 12(a2 − 6)r + 28a2] ,
Q(r) = −2
√
2ar(cr2 − 6)(−cr2 + r2 − 2r + a2)
√
r(2 − cr2)3,
R(r) = (cr2 − 2) [36r + 4(3c+ 1)r3 − 4cr4 + c2r5 − 16a2 + 8r2(ca2 − 3)] . (75)
The equality in the condition of stability of circular geodesics (74) corresponds to the marginally stable orbits (inner-
most stable circular orbit – ISCO, and outermost stable circular orbit – OSCO). Loci of these orbits can be given in
terms of the rotation parameter a and the quintessential parameter c in an implicit form by the relation
a2 = a2ms± =
−17c2r7 + 3c2r6 + 90c2r5 − 20cr4 − 108cr3 + 12r2 + 56r
(cr2 − 6)2
±4r
√
2(2− 3cr2)
√
(2− cr2)3(3c2r4 − cr3 − 12cr2 + 6r − 4)
(cr2 − 6)2 . (76)
This relation implies that the following conditions related to the spacetime parameter c have to be satisfied in order
to have spacetimes allowing for existence of stable circular geodesics:
• The first condition coincides with the one of the existence of the circular orbits (66) and it can be expressed in
the form c ≤ cs ≡ 2/r2.
• The second condition requires that
c ≤ cms ≡ 2
3r2
. (77)
This condition is stronger than the first one. This means that the existence of the circular orbits cannot
guarantee their stability.
• The last condition is implied by the inequality
3c2r4 − cr3 − 12cr2 + 6r − 4 ≥ 0 . (78)
We find that the following inequalities have to be satisfied
c ≤ cms− ≡ 12 + r −
√
r2 − 48r + 192
6r2
or c ≥ cms+ ≡ 12 + r +
√
r2 − 48r + 192
6r2
. (79)
In Figure 7 we summarize all the restrictions of the quintessential parameter c for the spacetimes allowing for the
existence of stable circular geodesics. One can see from the Figure 7 that stable orbits are located between the curves
cms− and cms. Intersection of cms− and cms is at r = 2 and c = 0.1667. Moreover, cms− intersects cs at r = 4 and
c = 0.125. The quintessence parameter and rotation parameter for existence of the stable circular orbits reaches their
maximum (critical) value ccrit and acrit, respectively at r = 8(3− 2
√
2) = 1.372583
ccrit =
3 + 2
√
2
32
= 0.182138, acrit = 128(−41 + 29
√
2) = 1.249297. (80)
By comparing the values of the quintessence parameter and rotation parameter for existence of the stable circular
orbits (80) with (35) one can deduce that the stable circular orbits can exist also in the quintessential naked singularity
spacetimes.
VI. CONCLUSIONS
We have obtained rotating quintessential black hole solution by using the Newman-Janis algorithm. For simplic-
ity we have studied the properties of the rotating quintessential black hole solution with the special value of the
quintessential parameter ωq = −2/3. Using the Einstein field equations, we have determined the stress-energy tensor
of the quintessential field around the rotating black holes and naked singularities. We have demonstrated separability
and integrability of the equations of geodesic motion, in similarity to the standard Kerr spacetimes. However, in
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FIG. 7: Conditions for the existence of the stable circular orbits. Where dashed and dotted curves represent cms− and cms+
functions, respectively and moreover, solid black and gray curves correspond to cms and cs, respectively. Shaded region
represents the location of stable circular orbits.
comparison with asymptotically flat Kerr spacetime, in the quintessential rotating spacetimes there are significant
differences in the properties of the circular geodesics that are similar to those occuring in the Kerr-de Sitter spacetimes.
Calculations have shown that in the rotating case the upper limit on the quintessence parameter c corresponding to
the black hole spacetimes is c ≤ 1/6 that is significantly larger in comparison with the nonrotating case when the limit
reads c ≤ 1/8 – see [91]. Moreover, it has been shown that the static radius limiting existence of circular geodesics
does not depend on the rotation parameter of the spacetime. The limits on the dimensionless parameters a and c of
the quintessential rotating spacetimes are given. The regions of the stable circular geodesics are determined for both
the black hole and naked singularity spacetimes.
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